Sudden Death of Entanglement of Two Jaynes-Cummings Atoms 
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We investigate entanglement dynamics of two isolated atoms, each in its own Jaynes-Cummings 
cavity. We show analytically that initial entanglement has an interesting subsequent time evolution, 
including the so-called sudden death effect. 
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Entanglement is a defining feature of quantum me- 
chanics that makes fundamental distinctions between 
quantum and classical physics. As an unambiguous and 
quantifiable property of sufficiently simple multi-party 
quantum systems, entanglement has a definite time evo- 
lution that has recently begun to be studied in several 
contexts 0,111111110,0,13 

Entanglement in a quantum system may deteriorate 
due to interaction with background noise or with other 
systems usually called environments. Interest was origi- 
nally concerned with the consequences for quantum mea- 
surement and the quantum-classical transition [9l [loL[lTI| . 
More recently, entanglement decoherence has been stud- 
ied in connection with obstacles to realizing various 
quantum information processing schemes. Particularly, 
we have shown that entanglement can decay to zero 
abruptly, in a finite time^a phenomenon termed entan- 
glement sudden death 

The purpose of this paper is to examine two interest- 
ing time-evolving quantum systems that have no route 
for mutual iteraction, but whose mutual entanglement 
nevertheless evolves in an unusual way. We have chosen 
the "double Jaynes-Cummings" model consisting of two 
two-level atoms. Each one is in a perfect one-mode near- 
resonant cavity and interacts with its initially unexcited 
cavity mode, but each is completely isolated from the 
other atom and cavity. 

By tracing over the cavity modes at time t we are left 
with a mixed state of atoms A and B similar to that 
treated previously by us [H, but in this case the under- 
lying intra-cavity dynamics are quite different since the 
cavities are here treated as lossless rather than as per- 
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FIG. 1: This is a schematic diagram of the double J-C model used 
in this paper. There is no communication between the cavities. 



feet reservoirs. The evolution of the entanglement of the 
non-interacting atoms here shows striking new features. 

By tracing cavity modes we are forcibly creating a two- 
qubit scenario, and various measures of entanglement are 
available. For a pair of qubits, all of them are equiv- 
alent, in the sense that when any of them indicates no 
entanglement (separable states), the others also in- 
dicate no entanglement. Throughout the paper we will 
use Wootters' [ll| concurrence C{p) as the conveniently 
normalized entanglement measure (1 > C > 0). 

The double Jaynes-Cummings Hamiltonian for our sys- 
tem may be written as. 



+g{b'^cr^ + baf) + va'^ a + vb'^b. 



(1) 



Clearly there will be no interaction between atom A and 
atom B or between cavity a and cavity b. The eigenstates 
of this Hamiltonian are products of the dressed states of 
the separate JC systems, which are well known [l^. 

For greatest simplicity, we assume that both cavities 
are prepared initially in the vacuum state |0a) ® |0b) and 
the two atoms are in a pure entangled state specified 
below. Under these assumptions, there is never more 
than one photon in each cavity, so the cavity mode is 
essentially equivalent to a two-level system. This allows a 
uniform measure of quantum entanglement - concurrence 
- for both atoms and the cavity modes. 

In that connection we note that there are, in prin- 
ciple, six different concurrences that provide informa- 
tion about the overall entanglements that may arise. 
With an obvious notation we can denote these as 
(jAB^ (jab^ (jAa^ (jBh ^ (jAb ^ (jBa Symmetry consider- 
ations can provide natural relations among these, which 
we will report elsewhere . Here we confine our atten- 
tion to C^^. 

For a partially entangled atomic pure state that is a 
combination of the Bell states usually denoted l^*^), we 
have 



cos a] ti) + sin a] it) 



(2) 
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with the first index denoting the state of atom A and the 
second denoting the state of atom B (t= excited state 
|=ground state), the initial state for the total system 
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is given by 

|*o) = (cosa| ti)+sina| it))<»|00) 

= cosal ti 00) +sina| it 00). (3) 

Then the solution of the model in terms of the standard 
basis can be written as, 

l^-W) = xi\ Ti00)+a;2| it 00) 

+a;3Uil0)+x4Ui01), (4) 

where the coefficients stand for the following time- 
dependent formulas: 
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Note here that and are given by 



= A^(e-*^^*-e-*^"*)sina. 



=v + — ± 



A VA2 + G2 



(5) 



(6) 



where A = — is the detuning and G — 2g represents 
the strength of interaction between the atoms and cav- 
ities. The constant coefficients L, M, and N are given 

by 



2 V VA2 + G2 
2 V VA2 + G2 
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(7) 
(8) 
(9) 



The information about the entanglement of two atoms 
is contained in the reduced density matrix p"^^ for the 
two atoms which can be obtained from |0J by tracing out 
the photonic parts of the total pure state. The explicit 
4x4 matrix written in the basis | tT)i I Ti)i I it) J ii) is 
given by 





AB _ I |a;i|2 xixl 






X\X2 \xi\^ 
\x-i\^ ^\x^\^ 



(10) 



which is in the "normal" or "standard" form of two-qubit 
mixed state we have noted previously 0|. The time- 
dependent matrix elements are given by |(SJ). 

It can be shown that the concurrence of the density 
matrix (|10|l is given by 



C^^{t) = |sin2a|[l-4iV"sin"((5V2)] (11) 



where 



VA2 + G2. 




FIG. 2: The concurrence for atom-atom entanglement with the 
initial atomic state I'I'atom) = cos«| t|) -|- sina| \X) for zero de- 
tuning A = 



A particularly interesting example is the case of zero 
detuning (A = 0) in which the concurrence becomes 
C^^{t) = I sin2a| cos2(Gt/2), which is shown in Fig. □ 
Alternatively, the initial state for the total system may 
be based on a combination of the other two Bell states 
l<i>±): 



|$o) =cosa| tT00)+sina| ij 00), 



(12) 



in which case the state of the total system at time t can 
be expressed in the standard basis: 

|$(t)) = xil TT00)+X2| iiii) 

+a;3| Ti 01) + X4| it 10) + xsUi 00) (13) 
where the coefficients are now given by 
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= sin a. 







*) COS a 

*) cos a 
(14) 

In the basis of | ti), I TT), I ii), I it) the reduced den- 
sity matrix p'^^ is now found to be another example of 
"standard" two-qubit mixed state: 
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(15) 



and the concurrence for this matrix is given by C^^ (t) = 
max{0, /(t)} where 

fit) = 2|xi||x5|-2|x3||a;4| 

= (l-4iV2gjj^2(-^^^2))(|sin2a| 

-8iV2sin^((5V2)cos2a). (16) 



3 



a=ii/4 

a=JT/6 

a=W12 




Gt/TT 

FIG. 3: The concurrence for atom-atom entanglement with 
the initial atomic state |"l>atom) = cosa| It) +sinQ!j J.J,) for 
zero detuning A = 0. 



For A = 0, it becomes 

f{t) = cos2(Gt/2)(|sin2a| ~ sm^{Gt/2) cos^ a). (17) 

Unlike the previous case, Fig. shows that entangle- 
ment can fall abruptly to zero (the two lower curves in the 
figure) , and will remain zero for a period of time before 
entanglement recovers. The length of the time interval 
for the zero entanglement is dependent on the degree of 
entanglement of the initial state. The smaller the initial 
degree of entanglement is, the longer the state will stay 
in the disentangled separable state. 



In summary, let us emphasize again that there are no 
communications or interactions between the two atoms. 
The main result is the appearance of entanglement sud- 
den death in a new environment, the first instance of 
sudden death without decoherence in the traditional 
sort. That is, because the cavities in our double Jaynes- 
Cummings model are lossless, they are as far from being 
standard decoherence reservoirs as possible. Neverthe- 
less, we have shown that the non-interacting and non- 
communicating atoms A and B can abruptly lose their 
entanglement with each other. Given the lossless nature 
of the evolution, one can expect the resurrection of the 
original entanglement value to occur in a periodic way 
following each sudden death event, as is evident in Fig. 
121 Finally, we point out that the onset of disappearance 
of two-atom entanglement is due to the information loss 
of atomic dynamics to the cavity-modes manifested by 
the operation of tracing over the cavity- variables. On the 
other hand, it is the "small" numbers of the cavity-modes 
that lead to the entanglement resurrection. Namely, the 
lost information will come back to the atomic systems in 
finite times-a memory effect that is often associated with 
the Rabi frequency in J-C cavities. Clearly, the entan- 
glement of the two atoms will remain constant without 
their interactions with the local cavities. 
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